Classical 0(N) nonlinear sigma model on the half line: 
a study on consistent Hamiltonian description 
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The problem of consistent Hamiltonian structure for O(N) nonlinear sigma model in the presence 
of five different types of boundary conditions is considered in detail. For the case of Neumann, 
Dirichlet and the mixture of these two types of boundaries, the consistent Poisson brackets are 
constructed explicitly, which may be used, e.g. for the construction of current algebras in the 
presence of boundary. While for the mixed boundary conditions and the mixture of mixed and 
Dirichlet boundary conditions, we prove that there is no consistent Poisson brackets, showing that 
the mixed boundary conditions are incompatible with all nontrivial subgroups of 0((N). 



PACS numbers: ll.10.Ef, ll.10.Lm, ll.10.Kk 
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I. INTRODUCTION 



Field theories with boundaries have been attracting the 
attention of theoretical physicists for a number of rea- 
sons, especially from the quantum point of view. For ex- 
ample, the existence of boundaries is responsible for the 
Casimir effect and surface phenomena, fundamental ex- 
citations in the bulk may have interesting behavior when 
scattered off the boundaries Q, and sometimes bound- 
ary bound state might appear, etc. Another important 
aspect of boundaries appear in the study of string the- 
ory, where they are used to distinguish different types of 
string theories and are also regarded as the reason for the 
occurrence of noncommutativity on the D-brancs. 

The introduction of boundary interactions into the La- 
grangian also causes some problem at the classical level, 
since the boundary conditions would in general spoil the 
naive Poisson structure. In order to describe classical 
field theories with boundaries as consistent Hamiltonian 
systems, many authors prefer to use the Dirac method 
for treating constraints 0,13, 3- However, as pointed out 
in [f| , the direct application of Dirac method in boundary 
systems has some problems, mostly due to the fact that 
boundary conditions regarded as constraints have func- 
tional measure in the space of fields. To overcome these 
problems, some authors prefer to use modified versions 
of Dirac method |g , or first turn the field theories with 
boundaries into mechanical systems with infinite many 
degrees of freedom by use of either Fourier mode expan- 
sion or lattice approximation and then use the Dirac ap- 
proach I^IS I^Ilfl . Other methods, including symplectic 
quantization [111 ll J| and lightcone quantization [12| , are 
also used to treat boundary problems. However, none 
of the above mentioned methods is applicable systemati- 
cally to all field theories with boundaries. The approach 
which works for one particular model with ease may be- 
come very cumbersome,or even completely inapplicable 
to use for another. In [5|, we proposed a novel method 
for treating the boundary constraints. Our method is 
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based on a very simple idea, i.e. the principle of locality: 
since the boundary conditions are constraints only at the 
boundaries, they should modify the naive Poisson struc- 
ture only at the boundaries. By directly modifying the 
naive Poisson brackets at the boundaries with some test 
operators and checking the compatibility with boundary 
constraints, we can obtain conditions to determine the 
test operators. This method is used in the subsequent 
works |Lj| and 15] to study the problem of open string 
quantization in background NS-NS B-field, and is proven 
to be very powerful and easy to use. 

In this Letter, we are aimed at using the method of 
to study the problem of consistent Hamiltonian de- 
scription for 0(N) nonlinear sigma model in the presence 
of integrable boundary conditions [Til Il7l ] . Besides get- 
ting more concrete examples for the application of our 
method, there are more direct motivations to study the 
Hamiltonian description for this model. In the litera- 
tures, 0(N) nonlinear sigma model is often taken as a 
typical model of field theories with certain nice geomet- 
rical properties , it is also a frequently used toy model 
for stimulating nonabelian gauge theories |19t |20L l2ll |22| . 
and a theoretical laboratory for exploring Poisson-Lie ge- 
ometry and current algebras [23|. In a number of prob- 
lems in statistical physics, condensed matter systems 
|2 ll |25| and/or high energy physics, e.g. quantum an- 
tiferromagnetism, large N behavior and asymptotic free- 
dom in strong interactions, O(N) nonlinear sigma model 
is often found to be a simplified version of the under- 
lying field theoretic description. Another area in which 
nonlinear sigma model found important applications is 
string theory. There the model is often used to describe 
D-brane dynamics in curved backgrounds |26| . The exact 
integrability of O(N) nonlinear sigma model on the half 
line [T(| [I3> 113 provides more direct motivations for 
the mathematical physicists to study this theory. In this 
respect, the study of consistent Hamiltonian description 
of O(N) nonlinear sigma model is quite essential, because 
the quantum analysis on the factorized scattering in the 
bulk as well as off the boundary based on quantum in- 
verse scattering method needs semiclassical support, for 
which the classical Hamiltonian description of the model 
is a starting point. Even from a pure classical integrable 
system point of view, a consistent Hamiltonian descrip- 
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tion is still a key structure because it is needed to prove 
that the integrals of motion are pairwisc in involution un- 
der the correct Poisson brackets. However, to our knowl- 
edge, a systematical analysis on the Hamiltonian struc- 
ture of the O(N) nonlinear sigma model in the presence 
of integrable boundary conditions is still not undertaken, 
at least in the form we shall present. That's why we start 
our analysis from now on. 



II. THE MODEL ON THE HALF LINE 



The action for O(N) nonlinear sigma model in (1 + 1) 
spacetime dimensions reads 



S=^Jd 2 x [c^n T • d"n + uj{n T ■ n - 1)] , (1) 

where the field n = (711,712,713, • • • , n^) T obey the O(N) 
condition n T • n = 1, thanks to the Lagrangian multi- 
plier u. We use the superscript T to represent matrix 
transpose. The spacetime metric we adopt is (rj^ u ) — 
diag(l, —1), and summation over repeated indices is as- 
sumed throughout. 

The variation of JJJ with respect to n leads to the 
equation of motion 



d^n 1 - tun 1 = 0. 



(2) 



By use of the O(N) condition n T • n = 1 |J2} can be rewrit- 
ten as 



9 M 5' 1 n+(5 M n T -9' i n)n = 0. 



(3) 



In the Hamiltonian description, the fundamental de- 
pendent variables are the fields ( "canonical coordinates" ) 
and their conjugate momenta. The conjugate momenta 
in the bulk are defined as 



6C r 



8{d t n l \ 



= d, 



(4) 



Since the 0{N) condition n T ■ n = 1 is a constraint, the 
correct Poisson brackets for the fields n, and the conju- 
gate momenta 7Tj must be obtained by use of the standard 
Dirac method. The results read 

{ni(x),nj(y)} = 0, (5) 



{ni(x),irj(y)} = (Sij - n l n J )8{x - y), (6) 

{n i (x),ir j (y)} = (TTiUj - mTj)6(x - y). (7) 

This finishes the description of the model in the bulk. 

In the presence of a boundary, the form of the La- 
grangian is kept unchanged, but the spacial integration 



in is restricted on the half line x G [0, 00). Sev- 
eral types of boundary conditions are claimed to be inte- 
grable in the literatures 0, 0] . They are (i) Neumann 
boundary conditions along all target space directions, i.e. 
d x rii\ x= Q = 0, i = 1, • • • ,N. We denote this set of bound- 
ary conditions as (AN) (i.e. all Neumann); (ii) Dirich- 
let boundary conditions along all target space directions, 
i.e. dtfii\ x= a = 0, i = 1, • • • , N. This set of boundary 
conditions is denoted as (AD) (i.e. all Dirichlet); (iii) a 
mixture of Neumann and Dirichlet boundary conditions, 
i.e. d x rii\ x=0 = for i = 1, • • • ,p and d t ni\ x=0 = for 
i = p + 1, • • • , N. This set of boundary conditions is de- 
noted as (ND) (i.e. mixed Neumann and Dirichlet); (iv) 
mixed boundary conditions along all target space direc- 
tions, i.e. {d x rn + Mijd t rij)\ x =o = for i = 1, • • • , N, 
where M is a real invertible antisymmetric matrix of the 
form 



M = gi(ia 2 ) © g 2 {^ 2 ) © • 



>gi<(icr 2 ), 



(8) 



in which a 2 is the second Pauli matrix, gi through gx 
are free parameters (boundary coupling constants). No- 
tice that this type of boundary conditions is only possi- 
ble for even N = 2K, because otherwise M cannot not 
be invertible. This set of boundary conditions is actu- 
ally not found in [Til Il7j . but is a simple generaliza- 
tion of the non-diagonal boundary conditions proposed 
there (the non-diagonal boundary condition in [To. Il7| 
contains only one ia 2 block). We shall refer to this 
set of boundary conditions as (AM) (all mixed); (v) a 
mixture of mixed and Dirichlet boundary conditions, i.e. 
(dx-n, + M l jd t n j )\ x= Q = for i,j = 1,- • • ,p (p = 2K) 
and dtfii — for i = p + 1, • • • , N, where M. is given 
as the M in JSJl . This last set of boundary conditions is 
denoted as (MD). It has been mentioned in |16lll7j | that 
the mixture of mixed and Neumann boundary conditions 
(MN) is not integrable, at least on the quantum level. We 
thus exclude this case from our consideration. 

To put things together, it is useful to introduce another 
matrix 



W = 



(9) 



111 which W = M^ 1 , the inverse of M. Then the MD 
boundary conditions can be written in the following uni- 
fied form, 



(d t m + W lj d x n J )\ x=0 = 0, i = 1, ■ ■ ■ , N. 



(10) 



Moreover, the form of 1|10|) also contains the other 4 
types of boundary conditions mentioned above as spe- 
cial degenerated cases, if we allow the matrix W to 
take different forms. Concretely, l|l(J|) will be reduced 
into AD boundaries for p = 0, into AM boundaries for 
p = N = 2K and W = M _1 ; for generic p with W 
diagonal and all Wu — > 00, (|ll)fl will be reduced into 
ND boundaries; and for p = N with VV diagonal and 
all Wu — ► 00, it will be reduced into AN boundaries. 
We therefore will take (fTUf> as the starting point for our 
analysis. 
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It should be remarked that, in the presence of the 
boundary conditions l(TU)) . there is some ambiguity in 
the definition of canonical conjugate momenta, because 
the mixed boundary conditions can be realized via vari- 
ational principle by adding a boundary term to the ac- 
tion which contains dtrn. The additional boundary term 
makes the canonical momenta defined as variations of the 
complete Lagrangian C with respect to the time deriva- 
tives of the fields rij differ from those defined as variations 
of the bulk Lagrangian Lb- For our purpose, it is more 
convenient to stick to the bulk momenta 7r i; because there 
is already a set of known Poisson brackets ©-(0 which 
can be taken as the basis of our analysis. Using the phase 
space variables ni and 7Ti, we can rewrite the boundary 
conditions (|lf)|> as 



(7r s ; + Wijd x rij)\ x =o = 0. 



(11) 



It can be seen that, since the boundary conditions i|ll|) 
identify d x ni with some specific linear combination of 7Tj, 
the Poisson brackets ©-0 would no longer hold. In the 
next section, we shall try to construct consistent Poisson 
brackets which are compatible with . However, it will 
turn out that only for AD, AN and ND boundaries we 
can make a success. For AM and MD boundaries we can 
find no consistent Poisson brackets, which indicates that 
the mixed boundary conditions are not allowed for 0(N) 
nonlinear sigma model. 



III. BOUNDARY CONSTRAINTS AND 
GENERAL COMPATIBILITY CONDITIONS 



Following the method of the very first step in get- 
ting consistent modifications of the Poisson brackets ©- 
© would be introducing the boundary constraints 



d= dxS(x)(TTi + W i3 d x n ) ~ 0. (12) 
Jo 

This is just another way of writing the boundary condi- 
tions lllfl . in which the 5- function is a slightly regularized 
one pj, satisfying J °° dxd(x) = 1. 

Since the constraints Gi are strong zeros beyond the 
boundary at x = 0, it is tempting to think that there 
is no need to modify ©-(0 except at x = 0, and it 
was indeed so in the cases of 0, Q, ^J. However, at 
this point, we would prefer to keep things as general as 
possible. Therefore, assuming that the consistent bulk 
Poisson brackets take the form 

{ni(x),nj(t/)} = 2l y (n,7r)(5(x - y), 
{ni(x),Trj(y)} = f B ij (n,Tr)5(x - y), 
{n(x),Kj(y)} = £tj(n,Tr)6(x - y) (13) 

and adding boundary modifications, the most general 
form for the potential consistent Poisson brackets will 
be 



{n^^TTjiy^M = ( B i] (n,Tr)5(x-y)+B i jS(x + y), (15) 



{TTi(x),TTj(y)} M = £ij{n,Tr)5(x - y) +C i:j S(x + y), (16) 

where the suffix M denotes modified Poisson brackets, 
21, *S, £ are some known functions in the phase space with 
2ljj and antisymmetric in i <-> j, and A, B, C are 
some operators acting on the variable y which are yet 
to be determined by consistency requirements. Since the 
Poisson brackets are antisymmetric, the operators Aij 
and Cij must also be antisymmetric in i «-> j. 

At first sight, it may look strange that we assume the 
odd form (|13f) for the bulk Poisson brackets rather than 
use ©-0 directly. The reason for this will be clear in 
the next section when we try to find solutions for the 
compatibility conditions which we now derive. 

In order to determine the values of A., B and C, we first 
apply the compatibility conditions 

{G h n j (y)} M =0, (17) 
{G U 7r j (y)} M =0. (18) 

Straightforward calculations yield 

{Gi,nj(y)} M 

dx5{x){iii + W ik d x n k , nj(y)} M 

dxS(x) ({TTi,rij(y)}M + {W lk d x n kl n :j (y)} M ) 

3 

dxS(x) [-58jj(n, tt)8(x - y) - B ]i 6(x + y) 



(19) 



+ W ik d x {^ kj {n,-K)8{x -y) + A kj 5{x + y)}} 
= -[(?i-A) Wdy + QB + B)]^), 



{Gi,TTj(y)}M 



dx5(x){iri + W ik d x n k ,iij(y)}M 

dx8(x) {{■n il Hj(y)}M + {W ik d x n k , TTj(y)}M) 

dx8(x) [£ij(n, ir)5(x — y) + Cij5(x + y) 



+ W lk d x (5By(n,7r)5(x -y) + B^x + y))} 

= [£ + C-W(<B-B)d y ] t3 5(y), (20) 

where it = (ttl, 7T2, 7T3, ■ • ■ ,njy) T . Comparing ljl§|) . lj2"U|) 
to the compatibility conditions l|17l) and JTSJ), we get the 
following equation for the operators A, B and C, 



(1&-A) Wd y + (<B + B) = Q, 



(21) 



{ni(x),n.j(y)}M = %j(n,w)S(x - y) + A lj 5(x + y), (14) 



€ + C - W(*B - B)d y = 0. 



(22) 
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The compatibility between the test Poisson brackets 
and the boundary constraints do not provide the com- 
plete set of compatibility conditions for the operators A, 
B and C. In order that the test Poisson brackets 114|) - 
(|16fl be fully consistent, they are also required to satisfy 
Jacobi identities. For the canonical variables rii, TTj, there 
are totally 4 different types of Jacobi identities to check, 
i.e. the ones for {rij, rij , rife}, {rii, rij , 7Tfc}, {rii , 7Tj , n k } and 
{-7Ti, 7Tj, 7Tfe} respectively. These identities hold identically 
beyond the boundary, because the bulk Poisson brack- 
ets <|13[) arc already consistent before implementing the 
boundary constraints. Therefore, what we need to check 
are only the Jacobi identities at the boundary. Using 
(|14|) - (f Xf>p - we get from the above mentioned Jacobi iden- 
tities the following equations, 



Sn r 



(%+A) r 



8-Kn 



+ 



5n r , 



v Jt n 



(23) 



Sn m 
H* + B) Jk 



5n„ 



(£ + c) mfe 



5{*& + B) ik 
(%+A) mi - s _ hk (<& + B) i 



,.i»(* + E ) jm = o, 

07T m J 

(24) 



5ir. m ^" r ^m* 



+ 



6n m 

^(C + C) jfc 
<5n m 



(£ + e) r 



5(£ + C) 



(25) 

and 

s <y(c+c) W/ 



*(g + C) jfc 
<5n m 



(93 +B) 



(57T,, 

*(£ + C) 



* (C , + C) tt(B + g ) 



rnz t_ 

07T m 

<*(g + c) fci 



(g + C) mi = Q. 

(26) 



Once the equations (|23 p -l]26 p are satisfied, the Jacobi 
identities for any functions on the phase space will hold 
consistently, because rii , form a basis for the phase 
space of the model. Therefore we conclude that the sys- 
tem of equations l|21|) - (|26[) is the complete set of condi- 
tions which the operators A, B, C must obey. As long 



as a solution {A, B, C} to the above system of opera- 
tor equations is found, we will get a consistent Hamil- 
tonian description for O(N) nonlinear sigma model with 
the boundary conditions 11U|) . However, since the system 
of equations (|21|l - 126() is over determined, the existence of 
a solution is not guaranteed in general. When no solution 
to l|21 jl -i[26 |l can be found, the nonexistence of a solution 
should be considered as a signature that the correspond- 
ing boundary conditions are incompatible with the bulk 
dynamics. In the next section, we shall show that the 
AM and MD boundaries belong to this forbidden class 
of boundaries. The other three types of boundaries, i.e. 
AD, AN and ND boundaries, will all give rise to consis- 
tent solutions to the compatibility equations Ij21|l - (|26|) . 



IV. CONSISTENT POISSON BRACKETS 



In this section, we shall try to find explicit solutions for 
the system of equations <|21[) - (I26[1 under each of the five 
different types of boundary conditions mentioned earlier. 
The basic strategy in getting these special solutions is 
like this: we shall first try to get solutions to the rela- 
tively simpler equations (|21|l . (|22|l and then check that 
they are consistent with the rest equations, (f^ - lpGl) . 
All solutions to the system of equations (|2I|) - H26(1 can in 
principle be obtained in this manner. 



A. O(N) symmetric boundaries AD and AN 



The first types of boundaries we shall consider are the 
AD and AN boundaries, which can be easily seen to pre- 
serve the complete O(N) symmetry of the model. We 
shall treat both of these two types of boundary condi- 
tions in a unified way by use of the boundary constraints 
(|12H and requiring p to be either or equal to N. Doing 
so we are seemingly to be considering the AD, AN and 
AM boundaries in a unified manner. However, it will 
be clear shortly that the AM case is distinguished from 
the AD and AN cases, because AM is actually symmetry 
breaking. 

Now let us look at the equations 1|21|) . 1221) in more 
detail. Since we are now considering symmetry pre- 
serving boundaries, there is no problem to identify the 
bulk Poisson brackets (|13[l with ©-0; i- e - to choose 



— 0, 05 { j 5{j 



riiiij and = 71$ rij — TZjUi. Then 



J2TJ, will become 

AimWmjdy -(I- n -n T + B).. = 0, (27) 

(tt • n T - n- n T +C).. - W lm (I - n • n T - B) mj d y = 0. 

(28) 

To solve the last two equations, we need to consider three 
different cases, i.e. a) p — or effectively W = 0; b) 
p = N with W diagonal and Wu — > oo for all i; c) p = 
N = 2K and W = M^ 1 with M given in ©. In case a) 
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we get from (|27|) and (|28|l the result 
*% = -(J-n.n T ).., 
Cy = -(7r-n T -n-7r T ) y . ; 

in case b) we have 

A^j 0, 

^• = (7-n.n T )..; 

and, in case c), since the first term in (|28|l is antisym- 
metric in i j while the second term is not, we must 
require both terms to vanish separately, yielding 

Cy = -(7r-n T -n-7r T ) y . , 

B« = (/-n.n T )... 

It then follows from J37J| that .4y = 
2(/-n-n T ). m (W- 1 ) (Sj,) -1 , which is not ac- 
ceptable because it is not antisymmetric in j <-» j. 
Therefore, we conclude that there is no solution to the 
equations QJJ, with V4 7 = M _1 . This implies that 
the AM boundaries are not compatible with the bulk 
0(N) symmetry, which has been used to obtain the 
Poisson brackets ©-0 upon which the equations (|27|l . 
(|28|l are based. Therefore, we shall temporarily restrict 
ourselves to the cases a) and b). 

By use of the equations l|23|) - (|26[l . we find that, for 
the case a), i.e. AD boundaries, the following operators 
constitute a consistent set of solution to i|21|) - (|26[l . 

A,=0, % = -(J-n-n T ). i , 

Cy = -(n-n T -n-n T ) ir (29) 

For the case b), i.e. AN boundaries, the solution to 121|) - 
(|26|l is found to be 

Aij=0, By = (7-n.n T ) y . , 

Cy = (^n T -n.^ T ) 4j . (30) 

Substituting the solutions l|29|) and l|30|> back into the test 
Poisson brackets (I14|) - (|1GI1 . we get the following Poisson 
brackets, which are consistent with AD and AN boundary 
conditions respectively and satisfy all Jacobi identities 
simultaneously, 

{ni(x),nj{y)} M = 0, 

= (% - riiUj) [S(x -y)- S(x + y)] , 
{■jri(x),Trj(y)} M 

= (TTiUj - riiWj) [S(x -y)- 8{x + y)} , (31) 

{rii(x),nj(y)}M = 0, 
{n^^jiy^M 

= (% - riiUj) [S(x -y) + S(x + y)] , 
{■jri(x),Trj(y)} M 

= (TTifij - rii-Kj) [8(x - y) + 5(x + y)] . (32) 



The action Q), together with the consistent Poisson 
brackets (13111 (resp. (J22Jl), form a complete Hamiltonian 
description for classical O(N) nonlinear sigma model in 
the presence of AD (resp. AN) boundary conditions. 



B. The symmetry breaking boundary ND 

ND boundaries correspond to 1 < p < N in @ and W 
diagonal with Wu — > oo for all i. Since O(N) transfor- 
mations cannot transform Neumann boundary conditions 
into Dirichlet ones, ND boundaries explicitly break the 
O(N) symmetry into the subgroup 0(p) x 0(N—p). Con- 
sequently, while considering the consistent Hamiltonian 
description of the model in the presence of ND bound- 
aries, we need to modify not only the Poisson brack- 
ets at the boundary, but also in the bulk. In fact, 
that the ND boundary conditions break not only the 
0{N) symmetry at the boundary but also in the bulk 
is an important conclusion of our study, since it can be 
seen that the direct substitution of the 0(N) conditions 
2ly = 0, Q3y = Sij — jiiTij and (£y = TZiUj — irjUi together 
with the matrix W in @-with W diagonal and Wu — > oo 
for all i-into the equations <|21|l and 11' I'D would lead to 
contradictory results. 

For convenience we divide the suffices i,j etc of the 
fields into two disjoint sets, labeled respectively by Latin 
and Greek letters. Latin indices a, b run from 1 to p 
and Greek indices a, (3 run from p + 1 to N. We also 
introduce the notations = (n\,--- ,n p ) T , = 

(rip+i, • • ■ , rijv) T and similarly tt^ = (tti, • • ■ , tt p ) t , 
7r< 2 ) = (%+!,-•■ ,ir N ) T . Then the 0{p) xO(N-p) sym- 
metric bulk in the presence of ND boundaries can be de- 
scribed by the fields and n^ 2 ) obeying, respectively, 
n (!) T . n (!) = Uj n^ T ■ n^ 2 -* = v, where the constants 
u and v satisfy u + v = 1. The bulk Poisson brackets 
in this case are characterized by ()13f) with the following 
functions 21, 23 and £, 

2U = 2l a/3 = 2U = 2l a/3 = 0, 
23 ab = S ab - n a n b , 23 Q(3 = 0, 
2J Q b = 0, 2J Q/ 3 = S a p — n a np, 

Ca6 = 7Ta"6 - TT b n a , € a p = 0, 

Cab = 0, £ a/ 3 = ir a np — irpn a . (33) 

Substituting ^ into J2TJ), |22> and setting Wy = for 
i 7^ j and Wu — > oo for all i, we get, from (I21l) - (|26[) . the 
following consistent solution, 

Aab = 0, B ab = 8 a b - n a n b , 

Cab = K a n b - TT b n a , 

A a p = 0, B a/ 3 = n a np - 5 al 3, 

C a p = — Tt a Thp + TTpn a , 

•A a p = Aab = B a = Bab = C a p = Cab = 0. (34) 

The Poisson brackets (|13|) with 21, 03 and € given in l|33|) 
and A, B, C in (|34|l are nothing but the union of consistent 
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Poisson brackets for an 0(p) nonlinear sigma model with 
AN boundaries and those of an 0(N —p) nonlinear sigma 
model with AD boundaries, as they should be. 



The forbidden boundaries AM and MD 



That the AM boundaries are not compatible with the 
O(N) symmetry in the bulk has already been mentioned 
earlier in this section. This fact can also be seen from 
another point of view. Following 0] and with a straight- 
forward generalization, we can see that the AM boundary 
conditions (|10|l with W = M^ 1 can be realized on the 
lagrangian level by adding to the bulk action JJJ with the 
boundary term 



Sh 



dtManidtfi', 



(35) 



x=0 



It can be easily seen that, under the global 0(N) trans- 



formation Ui 



O, 



M will transform as Ms, 



OikMkiOfy That M does not commute with the generic 
element O of the group 0(N) is an explicit signature that 
the boundary term l|35fl is not invariant under O(N). In 
fact, the maximal subgroup of O(N) which may leave 
the boundary term l|35[) invariant is 0(2)® , an abelian 
subgroup, in which case M must be given in the form of 
©. This explains our choice of M in (JSJ). 

Since the bulk 0(N) symmetry is broken by the AM 
boundary conditions into 0(2)® K , we may introduce the 
fields = (n 2 i~i,n 2 i) T and their conjugate momenta 
to describe the bulk system as a union of K 0(2) non- 



linear sigma models, each obeys n^ T ■ n w = ui, with 
the constants ii£ satisfying J2f=i u ( = 1- Accordingly, 
the Poisson brackets which are consistent in the bulk are 
just (|13fl with the matrix functions 21, 95 and £ given, 
respectively, by 

K K 

21 = 0, «8=0® w , £=0£ w , (36) 
i=i i=i 

where 05 W and £W are all 2 x 2 matrices given as 

= n W . n WT _ n (t) . 7r (/)T < (37) 



Q3 W = J 2x2 -n^ • u' 



Now substituting iJSEJ and (j37|) mto <EH> and w e 

get, at the £-th diagonal block, the following equations, 

A,nlf«a„ - (/ - n<«> ■ n<«> T + B) = 0, (38) 



( 



^). n WT_ n m. 7r wT + c \ 

/ ij 

WjS2(/-nW.n^-B) d y = 0, (39) 



where i, j = 2£ — 1 or 21, is the f-th diagonal block 
of W, which is given in iJHJ through W = M _1 . It follows 
that there is no solution to (|38|l and l|39|l . since the first 



term in l|38|l is diagonal, while the second term cannot be 
diagonal. Similarly, the first term in l|39|) is anti-diagonal, 
but the second term cannot be anti-diagonal. 

Now we are forced to answer the following questions: 
What happens to the mixed boundary conditions? Why 
couldn't we find any consistent Poisson brackets for the 
O(N) nonlinear sigma model in the presence of AM 
boundaries? Two contradictory answers might be in or- 
der, which are 1) the AM boundaries are completely in- 
compatible with any orthogonal symmetry, i.e. even the 
0(2)'s cannot survive after AM boundary conditions are 
applied; 2) the method we are using to construct the 
consistent boundary Poisson brackets fails for the mixed 
boundaries for O(N) nonlinear sigma model. Our choice 
is the answer 1). To support our choice, we now con- 
sider the simplest case of K = 1, i.e. a single 0(2) 
nonlinear sigma model with mixed boundary conditions 

0-1 



{d x n>i + Mijdtrij) \ x=0 = 0, M 



fJ 



1 



This is ex- 



actly the original boundary conditions studied in 0,^3- 
Expanding the above boundary conditions in component 
form, we get 



(d x ni - gd t n 2 ) \ x =a = 0, 
(d x n 2 + gdtnx) \ x=0 = 0. 



(40) 



On the other hand, from the 0{2) condition at the bound- 



ary, 



' x=0 



1, we can get 



{md t ni + n 2 d t n 2 ) | x =o = 0, 
(ni5 x ni + n 2 d x n 2 ) \ x=0 = 0. 



Substituting igOJ) into it follows that 
{jiid t n 2 - n 2 d t ni) | x=0 = 0. 



(41) 
(42) 



(43) 



Combining l|41Jl and l)43|l with the 0(2) condition 
(nf + n|) = 1, we get both d x ni\ x =o — and 
dtTii\ x =o — 0. In other words, if the mixed boundaries 
are applied, the fields rii will obey both Neumann and 
Dirichlet boundary conditions simultaneously. This is 
certainly impossible, so we end up with the surprising 
conclusion that the mixed boundaries are actually not 
allowed in O(N) nonlinear sigma model, not to say their 
integrability. This conclusion removes the AM as well as 
MD boundary conditions from the allowed list of inte- 
grable boundaries. 



V. DISCUSSIONS 

Using the method proposed in || and developed in 
[iH and , we analyzed the problem of consistent Pois- 
son brackets for classical O(N) nonlinear sigma model in 
the presence of five different sets of boundary conditions, 
i.e. the AD, AN, ND, AM and MD boundaries. Only 
in the presence of AD, AN and ND boundaries we have 
found consistent Poisson brackets, while for AM and MD 
boundaries, no consistent Poisson brackets can be found, 
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showing that the mixed boundary conditions are com- 
pletely incompatible with any orthogonal symmetry. 

Through the analysis of ND boundaries, we find that 
the idea underlying our method needs a significant mod- 
ification. The original statement that in the presence 
of boundary constraints the Poisson brackets need to be 
modified only at the boundary is only valid if the bound- 
ary conditions preserve all the bulk symmetries. On the 
other hand, if the boundary conditions are symmetry 
breaking, they will also affect the bulk part of the Pois- 
son brackets, so that the final consistent Poisson brackets 
have the same symmetry in the bulk and at the boundary. 

The result of this Letter not only widens the scope of 
applicability of the method of but also has impor- 
tant applications in the study of O(N) nonlinear sigma 



model itself. A straightforward application might be in 
the study of current algebra in the presence of boundary 
conditions, which is an important ingredient in the clas- 
sical integrable structure of the model. For instance, the 
Poisson algebra calculations made in |29j should be re- 
examined using our result , because the bulk Poisson 
brackets 10 -Q are no longer consistent in the presence 
of Neumann boundaries as used in |29| . 
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